
-fl fl—fl----- — —fl-fl-- - -
~~~ 

- - - -

66

where a/an is , say , the outward normal derivative. Summing

up, the S - A system is governed by

- t~s + y [F(s ,a) - (s 0- s )]  = 0

- Bt~a + y [F ( s ,a) - a(a 0-a) ] = 0

(4.8)

F(s ,a) = pas/(1’-s+ks2) -

— 0 aa -

~~ii ‘ ~~TI 0.

- - We shall use the notation

f(s ,a) = F(s ,a) - (s0-s) 
- f l

g(s,a) = F( s,a) - a(a0-a)

in the following discussions . -

Let us point out the fact that all the parameters are -

wi thou t dimens ion: and a0, representing concentrations in

the environment; p which is the ratio between 2 times ; 0’, 
-

characterizing the access of substrates from the outside to the
KAactive layer through the inactive layer; 
~~~

— 
, character istic

time of the enzyme reaction ; a and ~, ratios of diffu sion

coefficients;  k , ratio of concentrations ; and y ,  ratio of

0 and e’, characteristic times of diffusion within the active

layer and of transport to the active layer.

_ _-fi - - - J f l~~~~
— ——- --fl~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —-—-— - - — - 

- 
- 

~~
;=-- fl-I

~~~~~~ 
~~~~~~~~~~ -~~~ -~~~~~~~ -~~--~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

fl . _ _fl_~~~~~~~~ _ _____
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I —

- In applications only k and B are imposed: k of the

order of 0.1 or 1, 8 of the order of 5. The other parameters ,

s0,a0, a, p and -y , are at our disposal .
- 

It can be shown (Kernevez [20 ]) that these parame ters can

be chosen in such a way that the so-called isocline curves

f(s ,a) a 0 and g(s,a) = 0 (Figure 4.3) have only one common

point 
~~~~~~~ 

a stable steady state (node) of the dynamical
- - system

- 

(4. 9) ~~~~+ f(s ,a) = 0 ~~~~+ g(s ,a) = 0

II ;~ 
_ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _

Figure 4 .3 :  iaoclines in the phase plane

Equivalently , the nature of the steady state (~~,i) for (4.9)

_____________________ 
- f l - fl_ _ _ _ _

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ I -
fl—fl-— — —fl-fl — fl-fl-s-fl-—- - — ~~Sflfl — — ~~~~~~~~~ -fl -fl—---- . ~~ ~~~~~~~~~~~~~~~~~~~~~~ — ~~~~
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can be expressed by saying that > 0 and A 2 > ~ , ~~ 
and

being the eigenvalues of the linearized operator I.

~~ ~a1 
- -

Lgs ga]
around (~~,i). Let us call

J 
tr(0) — f5 + g 5 a F5 + 1 + Fa + a 

-

(4.lO)s . .  
-

[det (0) - f 5g~ - f~g5 - (F s+l)(Fa+a) - ~s~ a - czF 5 + Fa + a

where F~ 
= ~~ (g ,~ ) and Fa }~ (g ,1). We have that

~~~~~~~~~~~~~~ is a stab le node iff tr 2(0) - 4 det(0) > 0 , det (0) > 0,

and tr ( 0) > 0 .

We shall see in the following that the fi rs t inequ ality
will be a consequence of others . Therefore we only require the
following conditions

f tr(0) s Fs + l + F a + a > O

(4.11) -

det(0) — aF5 + Fg + a > 0 . U

L I ’

- . - -_  - _ _ _ _ _ _ _ _ __ _ _ _ _ _ _ _ _ _ _ _ _-fl —_fl-— 

i
_ 

- -‘~~~~~~~~~~ -~~ -
--

fl
fl

- 
~~~~~~~~~~~~

I. 

- 

I

- 

~~~~~~~ 
i....*. 
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1 Now one can observe that 
~~~~~~~~~~~~~~ 

is a trivial solution not only

of (4.9)  but also of (4.8) . This is due to the fact that

I s(x y, t) g , a(x ,y , t) a , profiles of concentration constant

in time and spatially uniform , satisfy = 0, .~~~~~~ — 0, -~s = 0,

= 0, f(s ,a) = 0, g(s,a) = 0, .~~~ = 0 and = 0.

As (a ,i) is stable for (4.9), one can ask if (g ,i) is

still stable for (4.8). All the parameters being fixed, except

y, we shall see that the answer is yes , if y is small enough,

and no , if y is large enough. (y small means 0 small with

respect to 0’ , i.e . ,  diffusion of S wi thin the active layer

-
~ fast in comparison with the transport of S from the outside to

the active layer). In fact , the situation is more complex s ince ,

£ as we shall see, when y is increas ing, (~ ,i) can lose its

stability , then recover it , and this can occur severa l times ,

before the point finally becomes and remains unstable.

- - 

I T Finally , let us suppose that in the following all the

parameters , except y ,  will be kept fixed. y will be the bi-
I T 2

I furcation parameter. Let us recall that y = ~—0’, so that if
S

1 

Ds and 0’ are kept fixed , y is proportional to meas((~) .

Therefore, one can view (4.8) as the modelling of an expanding

1 disc (like an imag inal disc) af ter norma liza tion of the spatial

domain to a domain ~2 with diameter 1, the size of the disc

1 being determined by the coefficient y. If the size of the spatial

i domain does not vary , y may change for other reasons , for cx-
I ample , because 0’ increases , and since 0’ — L1L2/Ds, this can

I be due to a decrease of D~.

I i  
_ _  

- _  
_ _ _

_ _ _ _ _

-~~~ 
— - ~~~~~~~~~~~~~~~ -i.- - —fl-—-—fl— - — — — -——fl--fl— —

I- 
~ 

- — —
~~1~ ~~~~~~ -~~~~
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4.2.  Linear stabil i ty analysis

Let us make the change of variables 
-

s a g + ~~~ ,

and denote —

U - (u ,v]~

Equations (4.8) can be written - 

- -

(4.12) + (L 0+yL 1)IJ + yM (U ) — 0

where - .

r-~ 
o EF5+1 Fa 1 

-

(4.13) L0 — , L1
L 0 -BA] L F5 Fa+ a] 

-

r~iM(U ) a N cu ) [ 1j  , N(U) - F(a+u ,i+v) - F (a ,i)  - F5u - Pa
y - -

(4.14)

(N (U) — O ( ~~
2-s-y2)).

It can be shown (Meurant and Saut (26])  that the operators

- L0 + and M~ - yM possess a number of desirable

properties such as: 
- 

-

-
_

1 _
~

_ _  _ _ _  

u~~~~
l

~~~~~~~~~~~~ - - . - - 
-f i - - / f l -

~~~~~~~~~ 

——-fi - -  

~~~~~

.

~~~~~~
-
~

.
- --

~~~~
- -

- 

- - - - - f i - — —- ---- -.

~~~~~~~~~~~~~~~~~~
-

~~~

——-fl----fl—-- - fi -— -- -f l -fl-- - -  -

- 
- 

-
. - - 

. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_
_flj—fl-_ - -
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I 
_ _  

+Lemma 4.1. For all y E ~

I (i) L~ is a closed linear opera tor with domain
91— {(u,v) E H 2 (~ ) 2 , -~~~~~~ 0, -

~~~~~~ 0} in H — L2(c2)2.

1 ( ii)  L1 is in- sectorial with half angle ir/4.

( i i i)  The resolvent of L is compact (the spectrum of

is therefore discrete and only composed of
e~ genva1ues having a f ini te  multiplici ty).

I (iv) L is the infinitesimal generator of an analytic

i s~mi~~o~ ~~~~ which satisfies 
— — ________

- L t
li e ~ 

~/(Ic,D) -~ ~~
‘-

~

-

~~
‘ t E ]0,T(, c > 0,

where K = H 1(~~)
2
.

- 

(v) {L~ } is a holornorphic family of type (A) .

I
Lemma 4.2.

L Ci) M~ : ~ + K is analytic

I 
(ii) I iM Y (0) HK ~ ci l u ll ,

The reason we give these properties is that when they are satisfied

and when y 0 is such that the spectrum of L crosses the
T

imaginary axis by the simple eigenvalue 0 , the remaining part

1 
of the spectrum lying in the half space Re(z)  0 , then we have :

i

I

--
__

- f l_- -5 -

- I - - . - 
- - - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~- -~ - -5--- -_ 
—5-—--- fifi ~~~- fl-I~~~~~~~~~~ —~~~~~ fl-------- — -I
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Theorem 4. 1. There exists in ~~ a solution ~J(y )  = j u (y ) ,  Ii
v(Y) ] T ~ [0 ,01T of L1U + M~ (LJ) - 0 which ~~ def ined fl~~ !

neighborhood of y0 . Moreover , if the bifurcation is bilateral

(U(y )  defined on the left and right sides of y0) ,  U(y )  is

analytic in y , and if the bifurcation is one-sided, U( y )  is

analytic in iy -y
0

1
” 2

. If the bifurcation is bilateral, there

is “exchange of stabilities”. If the bifurcation is one-sided

U(y) is stable or not according to whether it is on the side

where the trivial ste~4y state is unstable.

From a practical viewpoint , we must now effectively study

the eigenvalues of ~~ to see whether we are in the case where

Theorem 4.1 is applicable ; this will be the subject of this para-

graph. We then shall have to elucidate the nature of the bifur-

cation (bilateral or one sided , on which side) ; this will be done

in §3 by a modified perturbation analysis.

Now the problem is: we know that U = 0 is stable or not - f l

according to whether the spectrum of L~ lies in Re(z )  > 0 or - -

at least one of its eigenvalues lies in Re(z) < 0. So we are

seek ing A and $ such that (the eigenvalue problem)

(4.15) L~+ = X$.

We can look for • in the form

_ _ _ _ _  _ 
_ _ _  _ _  

__ Hi
___________________-f l  - - - 

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -flfl___’__lp. — ~- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .A
— - ~~~~~~~~~~~~~~~~~~~~~ - ~~~-fl -fl—S-fl-- ~~ f l f l f l_~ ~

fl

~
flfl 

— - fl— fl -~~~~
flflfl

~ — -  - f l  - fl



1
-fi,

4

(4.16) •n = f 
w~

~ 7- M~~j
‘S.

1~
where w~ is the ~th eigenfunction of -

~~~. on ~ subject to

- no-flux boundary conditions :

(4.17) -Aw n = Unl%!n~ ~~~ 
0, J w~d~i = 1.

flu I~-

Substituting (4.16) into (4.15), we obtain

-

~ 

.5 

r~n
-1-
~~

Fs+ l )_ x  yFa 
~~~~~ 

r1 1 0

~ 
(4 .l8)J J J =

L yF5 B11n’~Y(Fa
4ct)J [Mn] 0

This admits a solution iff the determinant of the matrix in

(4.18) is null , that is

~ 
(4.19) A 2 - tr(n) A + det (n) = 0.

Here

T
I

II’

-fl-fl. —fl--fl--- - .5 _ -

- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 

- 
-~~~~~~~ M~~~~ - fifi __________ - ~ - ~~~~~~~~~~~~~~~~~~~~ ~~ S ~~i_! - 

-
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tr(n) = (B
~ l)u~ 

+ y(F +l+F +a)

(4.20) det(n) 1
2T(

Mn) whe re

T( z )  = 8z2 + (8(F +1)4-F +a)z + aF5 + Fa + a. 
- .  

-

Therefore ,-to each eigenvalue ~~ of -A (n=O,1,2,...) there
will correspond 2 eigenvalue s of L~ . A~ and A~ , solutions

-: of (4.19), and to each one will be associated a value M~ by

(4.21) p + y(F5+l) 
- A~ + yF5M~ = 0

thus determining the corresponding eigenvector $~ :

(4.22) = [
~1 w~.

Proposition 4.1. Under the assumptions

(4.23) F5 < 0 , ~ > 1 , 8 > 1

then the solutions A~ of (4.19) are real numbers (A < A ) .

Proof. A (n) - tr 2
(n) - 4de t (n)

a [(8_l)p n+y((F~
/2 _ (_ F

s)
l/2)2+a l)][(8_1)~~ y((p~

/2 + (_F )1/2)2+a.l] ) 0::

_ _ _ _ _  

II
~-__ - — - -

~~~~~~~ 
-

~~~ 
- f i - - - -

~~~~~~-fl-fl ‘fl-fl- fl—fl— —fl”--- fl- — ~~ -fl-- __~ f l_______ —fl--fl -- .~~
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I
I

1 But + A~ = tr(n) = ( 8+ 1) i i~+ it r ( Q)  > 0 from (4.11), so that

at least > 0. In orde r for A to be negative , we mus t

1 have det (n) = X A ~ < 0 . But det(n) = y2T(~~) ,  so that we

are led to make the following assumption on the polynomial T:

(4.24) T(z)  admits 2 posit ive roots 0 < z ’ < z”.
‘S.

1:1 — I.! p p
~. Now we have A < O~~~z’ < < Z”4 4 ~ < Y < ~~~ E ‘n =

1z ” 111~ , z ’~~~u~ [. Thus we hav e the following result.

Theorem 4.2. Suppose that

- Ci) t r (0 )  = F
5 

+ 1 + Fa + a > 0

— (ii) det(0) = aF5 + Fa + 
~ 

> Q

-
~ 

-- ( ii i)  a > 1, 8 > 1

(i v) ( 8 (F~ +l)  - (Fa+a))
2 + 48

~ a1
~s 

> 0

r (v) B (F 5+l) + F
a 

+ < 0.

1 -lThen there exists a sequence of intervals ‘n = ]Z ~ t 
~~~~ z’

such that

(10) if y 
~ ~ 

I then (~~~~~,ä) is unstable
n>l “

(2 0 ) i f y ~ 
— 

then 
~~~~~~~~~~~~~ 

is stable.
n l

In a similar manner we could define the eigenfun ctions
I of 14:

I
-~~~~~~~~ I

- ~~~~~~~~~~~~~~~ ~~-r —.~~_j 1___ _ - 
_ _  - - — 

_________

- 
—~~. - 

- T ~~~~ fl~~flfl flfl~~~~~ 7~~,

- 
- 
~~~ - - - - ~~~~~ ~~~~ ~~~~~ - ~~~~~~~~~~~~~~

___________ fl-fl—-- — fl—fl- ~~~~~~~~~ ~t-..~~ -’-h~~ — ~~~ __~~ __ fl_ — --- .~~ fl-



-- -~~~~~~~~~~ ~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -~~~~ ---~~~~ ——-fl f l - -  --- . ~~~~~~ —

76

( 4 . 2 5) =

with the same eigenva lues X~ but this time , if

H + rl —

(4 .26)  
ç 

= 
N~ 

~~~

L~~~~ J

H then is determined by (in place of (4 .21) )

+ +
(4.27 ) p + y(F +l) - + YFa~~ = 0.

It can be easily checked that

- - f (4~~,4~ ) = 1 + M~N~ ~ 0 n > 0

(4 . 2 8 )  J ~~~~~~~~~~~~~~~~~~~ 0

(4
~~~~~,~~P~~~~)  = 0 m ~ n.

Here , if f = [f1, f2]~~ E L
2(~)

2 and g = [g 1 g2]
T E

(f,g) means

(4.29) (f,g) = f (figi+f2g2)d~.

• ±Final ly,  we shall use later the property that the constitute

a basis of L 2
O~) 2 ; let f E 1 2 (~ ) 2 . Then

—I-——.-— — 
- —

- - -  • - -- ~~~ -fl~~~~~~~~ fl-fl
~~~~~~~~~~~~~~~~~ 

dflflflfl 

~~~~~~~ifl_flfl fl flflflflSfl s flfl_flS-fl fl_~- -‘ - - s__ .~~ - ~~~~~ --— 
___,__fl____ fl - - f l
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I
I
1 (4.30) = 

JO ~~~~~ 
(f ~~~~ = f~ (l4-M~N~).

I 
—

Exe-~cise: Prove (4.28).

I 
Hint: From (4.2l ) an d (4 .27) we have F M t 

= F
5N~ 

so that

1 + M~N~ = l+Y 2M~
2 F~ /Y 2 F sFa = 1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1 +
= (tr(n) - 2A~) / (~ Pn +Y ( F a+ a ) _ A

~
) / 0.

Similarly one can prove the following which will be useful

later:

1 1 + 8MtNt = 2~~y(~ !i - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I ± + 
~~2 

-‘- ± + +
I Now (4~~,~~ ) = J W n Cl+M~Nn )d~ 

l+M~N~ . 
-

1 (•~,~~
) = (Jw mwndc~) 

(l+M~N~) = 0 since J w mwndc2 = ~mn
+ + + + 4- + T~~~ 

± +I Finally , ~~~~~~~~ = (L
1~~~

,~P~~) = (c~L?Pn
) = A~~(4~~,iP~ ) so that

(4’~~,*~~) = 0.

I 
In §3 the eigenvalues X~ and eigenvectors 4~ and

will be those of L~ , where is a value of the parameter
0

v for which the trivial stead-v state U = 0 is losing stability

hv en te r ing  int o ‘n0 
So that  = 0, (L

0
+y
0L1)4~~ = 0,

• 1 • M N  - tr (n 0 ) / ( BP n +y 0 (Fa+a)) > 0 and a quantity 

- 

-

_

~~~~~~~~~~ 

—

~~

- — 

~~~

— —

~~~ 

—flfl—-- — — _
~~~I~~~~~~_ _  -fl SI~S~~~ - ~~&~flfl~_fl — -— ~~~ fl ~~~~~_ ——- - fl—fl -
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which shall be needed later , (L
1~~~ 

,q~ ) = - 
~—(L0~~~ 

,4, ) =

p -Bp orno - - no1 ,, ,
~~— (l+$M n Nn ) = ~z -z according to whether

0 0 - +y (F +a)a 
fi

~11 
-

__z
~
9- = z ’ or z ”.

For similar calculations see Boa’s thesis [ 2 2 ] .  
- -

4.3. Bifurcation analysis --

We are going to use the modified perturbation method as -

indicated in H.B. Keller [23].

Statement of the problem. Let y0 be a critical value of y, -

for which the trivial steady state U = 0 of L~U + M~ (U) = 0

is losing its stabil i ty when ~ enters into the interval I~ . 
-,

0
(i.e., 

~‘n 
1~O = z’ or z”, depending upon which extremity of I

y crosses). Let A~ be the eigenvalues , and •.~(resp. ‘V~) be

the eigenvectors of L (resp . LT ) .  We are seeking nontrivial

solutions of

(4.31)-- L~U + yM(U) = 0 
-

when y stays in some nei ghborhood of y0. For that we consider

U and y as smoo th functions of a parame ter c :

-- — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — 
-- -— - f l  - 

- - - 
~~ w~~~ - - ~.

— — —flfl- .-fl- fl-
~~~~~~~ 

—fi- -_-- _--.~~~~~_ ~~~~- —~ ~~a- _-~~~~~~~~ ~~~~~~ 
Aa . ~~.~~l2.~~~~—-- ~~~~~~ ~~~~~_ ~~~~~~~~~-‘~~~~~~~ 

~~~~~~~~~
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I
1

1 (4.32) U U(c)  and y - y(c)

-r

satisfying the “inflated” problem

I (L0+y(c)L1)IJ(e) + y ( c )M(U( e ) )  — 0
(4.33)

[ 
(U(c),* ) a c (l + M N )

and look for Taylor expansions

~
- 

U(c) = cU’(O) + -~c2U”(0) + 0(c 3)
(4.34)

[ y( e) a y~ + cy ’( O) + -~c
2y”(0) + 0(c3).

First , we differentiate equations (4.33) with respect to c:

I y ’ (c)L 1U( e) + (L0-’-y(c)L1)U’ (c) + y ’( c) M (U( c ) )

(4.35) + y ( c)M ’ (U( c) )U ’(c )  0

I (U’(c),* ) - 1 + M1 N
U I__ 0 0 0

f~ ..

-- Then , in (4.35) we put c — 0
- I.

(4.36) CL +y L )U ’( O )  — 0, (U ’ (O) , *  ) — 1 + N

since U(0) • 0 , M(0) — 0 and M’ (O) — 0.

t i 
_ _ _ _ _ _ _ _ _

—- -- fi ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
—- -

~~~~~~
—- 

- — 
——--- - - - - 

- j
~ 

‘- -
fl

f l -
~~~~~~~ 
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From (4 .36) it results that -

(4.37) U ’(0 )  a 
- 

-n 0

Now we differentiate equations (4.35) with respect to c , and

omit c everywhere to simplify notation : -

y”L1U + 2y ’L1U’ + (L0+yL1)IJ” + y”t4(LJ) + 2y ’M ’( U ) U ’

(4.38) 
+ yM” (U)U ’ 2 + yM’(U)U” = 0

(U” ,* ) — 0 .no

In (4.38) we again put c — 0: 
- 

-

-

2
2y ’(0)L l~ + (L0+y0L1)U”(O) + y0M” (0) 4~ — 0, - -  

- 

-
~

(4.39) ‘ ‘  -

- 
- (U”(O) 

~~*~~; ) — 
0 . -

-~~ 0 . •

From the Fredholm alternative, (4 .39) will have a solution

for U” (0) if and only if

(4.40) c2y ’ (o)L 1,; + y0M”(Q)~~
2 ,* ) • 0.

0 0 0

1_
i 
~

I 
_
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I This relation gives y ’ (O) : 
-

1 2
(M”(O) • ,*~

(4.41) y’(0) • -y~ - -2(L1~ ,* )1 n 0 n0

H Recall that at the end of §2 we did calculate the denominator of

(4.41). On the o:ther hand the numerator must be interpreted in

1. the following way :

M( U) • N(U) [
] 

- (F( +u ,~ .v) - F(~ ,~ ) - F5u - Fav )[ ].

If H = [h 1,h2 ]T ,

(M’(U),H) - (F~ (~ +u ,i+v) h1 + F~ (~ +u ,i+v) h 2 - F5h 1 - Fah Z) [ ]

1 M”(u)(H,K) — ~~ 5 (~ +u ,i+v) h1k1 + Fsa(~
+u p

~
+V)(hik2 + h2k1)

+ P ” (~+u .i+v) h2k 2) [ ]

j M’’’(U)(H,IC,L) — (F555 h1k1L1 + 
~ssa (h1k1&2 + h1k~&1 + h2k1t1)

ri
i + 

~saa (h1k 2 L 2 + h2k1L2 + h 2k2 L1) + FU~ h 2k2 & 2) L~
From this , and the fact that F a - 0 , we find

1 1

_ _  

- - - 

_ _ _ _  _  

______
____________fl-fl- flS - — ~~~~ fl~fl~~~ — fl—fl- ~~~~~~~~~~ ‘fl 

~~~~~~
‘_ _ _  

~~~~~~ 1fl ~~~~~~~~~~~~~~~~ ~~~~_ ~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~
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— 
,, ,, — —(4.42) (M”(O)$ ,~~ ) • (I +2F N )(l+N )( J w3 dO) . - -n~ no ss s a n 0 n~ no

In the case where J w3 dO - 0 we have
a

no

(4.43) y ’(O)  — 0

and the bifurcation will be unilateral (Figure 4.4 (a) , (b)) .

Otherwise , (this will be the general case) the bifurcation will 
-

be 2 sided (Figure 4.4 (c) , (d) ) .

H 

C C

_ _

( a) (b) -

c ‘S’ 
c - -

Cc) Cd) 
L

~~~~re 4.4

So the only case where one needs further information is the case

where (4.43) holds . In that case we would like to know on what 
-

_ _ _- _ _ _ _ _ _ _ _  - - - - - - _ _ f l~~~~~- -  

fl 

~~~~~~~~~~~~~~~~~~~ fi- f l - f l --
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- side of y0 the bifurcated branch lies , i.e., know y”(O).

~ j 
When (4.40)holds U ” (O) is given explicitly by

- 

- (4.44) U”(O) -y0 ~ 4 (M” ( O) + ,q,~ ) ~~ ±
~~~~ 

An 0 li-M N

Now in order to get U” (0) we differentiate once more in (4 .38)

and set c • 0 (recall that y ’(O) = 0):

-1 3
3y”(0)L 1$ + (L0+y0L1)U’’’(O) + y0M’’’(O)$ + 3y0M” (0) 4~ U”( O) • 0.

- 0 ~‘o 0

-

~ 
j The condition for existence of U ’ ’ ’ ( O )  is -

- 1  3
-~ (4.45) y”( O) — - - - ( ( M ’ ’ ’( 0 ) ~ ,qI ) + 3(M”(0)~ U”(0) ,*~ ))

3(L * ) 

no n0 fl
0

•

! 

~~~ 

l n 0 ’ n0

( 
- and this quantity can be calculated.

- j Remark . In the case of a 2- or 3- dimensional domain 0 with

- 
arbitrary shape, there is no reason for (4.43) to hold. However,

~ -I- 
in the 1-dimensional case , where w~(x) • cos ntrx, J w

3dx a o.

I I Also when 0 has 1 axis of symmetry , say 0 - y suppose that w

is an eigenfunc tion :

fl u
-Aw (x,y) • Xw(x ,y) , J w 2dO — 1

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
—--—— 

fl __ _fl~i
_ 

—-f i f i
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and consider v(x,y) - w (-x,y). -

-óv(x,y) — -~w(-x,y) • Aw(-x,y) — Av(x,y), f v2dO — 1 
-

Then v(x,y) — ±w(x ,y) ,  i.e., w(-x,y) - ±w (x,y) , so that there - 

-

is the possiblity for w to satisfy w(-x,y) • -w(x,y). In - -

that case fw
3do • 0 and (4.43) holds .

The case 0 - ]0,1( is not unrealistic. It corresponds

to the modelling of an ellipsoid with large axis ratio when one - -

is interested in the first eigenmodes. One can explain the

differentiation of regions in an egg by a -steady pattern as

pictured in Figure 4.5 (Kauffman et ml t18)). See also §5. 
- -

H

Figure 4.5
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.. .4 4 Numerical analysis

1 Two kinds of methods are at our disposal :

Ci) methods in which the steady states are obtained

~ I by solving the evolution equations until one

estimates that the system has attained a (stable)

1 steady state; and

j (ii) methods following branches of (stable or unstable)

steady state solutions.
- j The second type of method was discussed in Chapter 2.

4~~~~j
- 

Solution of the evolution equations.

j  
(a) Discretization with respect to time:

5n+1 5n ~~5n+l + Y [F(sn,an) - (5 5n+l~ 1 = 0

(4.46) — -

I an~~;a
n 

- B~ a”~~ + y (F (s”,a”) - a(a0-a~
’1)] • 0.

(b) Discretization with respect to space:

By finite differences in the 1-dimensional case ,

(by finite elements in the 2-dimensional case

- (Figure 4.6)) (4 .46) can be written

- - f (IC + (~j+Y)M)S” - Mf~
- 

~ 1 (4.47)
(8K + (~~+ya)M)A - Mg ,

I 
-

I~~~~__fl~fl~fl
flfl flfl f l f l~ 
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L

~~~i~~~~LiJ
Fij ure 4.6

where -

K • stiffness matrix (corresponding to -tb) - -

M - mass matrix (corresponding to I) - 

T 
-

- vector - y(F ( s~’,a”) -

— g’~ - 
- y (F(s”,a11) - za0).

For the practical formulation and implementation of the -

finite element method we refer to Bathe and Wilson [15]. Let us -

give more details on the calculation of the “stiffness” and “mass”

matrices K and M in the case of a surface (a planar domain 
-

being a particular case). The surface is divided into curved

8-nodes quadrilaterals (see Figure 4.7). The nodes are defined

by their coordinates (xj,y1,z1 for node number i of the

quédrilateral, 1 < i < 8). We call H~ (r ,s) the “shape functions”:

_  

- --~~~~~~~~~~ -~~~~~~~~~~~~~~-~~~~~~~~~~~~~~ 

_

_ _ _ _- -- - 

~~~~~

—

~~~

---- - 
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I H1(r ,s) = .~-( 1+r) (1+s) -~H5 (r ,s) -

1 H2(r ,s) — ~.(1-r)(l+s) 
- -~ 16 (r ,s) - 4&-(~ (r,s)

H3(r ,s) • -4~(1-r)(l-s) 
- ~-H 7 (r ,s) - -24-16 (r ,s)

I H4(r ,s) — ~.( l-i-r) (l-s) - fl~4-I8 (r ,s) - fl~H 7 (r ,s)

( H5(r ,s) — -~(l-r
2)(1+s)

H6 (r ,s) — -~.(l-s
2)(1-r)

H 7 (r ,s) fl7 (1-r ) (l-s)

I H8(r ,s) =

- 
fi 

T~~~~~Thl~~~~~

-
~ I Figure 4.7

- I
k~ Ii 

_ _ _ _ _  
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The part of the surface delineated by the quadrilateral is approxi- 
- ,

mated by the surface sCm) whose parametric representation is

1 8 8 8Ix — x~H~(r,s),  — y
~
H
~

(r ,s),  z =
i— ]_ i— l i— I

(4.47a)

s _~~+1.

The elementary mass and stiffness matrices are 
- 

- 

-

K Cm) - J B (m) TD Cm) B Cm) dS Cm) and M (m) 
= J H (m) TH Cm) dS (m)

SCm) SCm) .. —

where dS (m) B (m) D (m) 
‘a)— ‘ ‘ and H ’ are defined below . - -

To each pair (r,s) E (-1 ,+l] x [-l ,+l] corresponds a

point (x,y,z) on 5(m) by equations (4.47a) and we call

H~
m)

Cx ,y, z) — H1(r ,s) 1 < I < 8.

Thus H~a) is a function of the point (x,y,z) on the surface

5(m)
• H(m) denotes the vector

H (m) 
- r (a) (a) (a)

L ‘ 2 •..~ 8

Similarly we define

-

I- --

j  
~~~~~~~~~ 

- - ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ .-

- - - t_~
f l- - - _fl~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~—~-~ --~~

-—

~~~~•_fl -fl-fl-fl-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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1 
~~~~~~~~~~1 B (m) 

— I I
I ~ H1 

31~18 I
LJ~~~~~~ 

•
~~

•

I H (m) and B (m) are 8 x 1 and 8 x 2 matrices defined on 5(m)~

Now , following equations (1.33)-(1.3:) of ten , we define

dR.2 
- dx 2 + dy 2 + dz 2 — (iil 

x1 -
~j~ 

dr+.~~~.ds))2

+(
~~~~~~~~~

(
~~~~~~! dr+~~2~ds) )2 + ~~~~~~~~~~~~~~~~~ )2

— a11dr 2 + 2a 12drds + a22ds 2

-+ 2 + +  + 2a11 — V1 , a12 V1V 2, a22 = V2

8 ~H. ~H. aH. T
- 

~~~~~~~~~~~~~~ !z~

~H. ~H - aH. T

j V 2 ~~~~~~~~~~ i:~ i~~’ ~~i

J Then we define

a — a11a22 - a~ 2

a11 — a22/a , a22 
— a11/a , a~~ — -a12/a

_ _ _ _  _ _ _  

_ _  
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dS (m) 
= a~’

12drds ,

D(m) - 
[a

ll a121

La12 a22J ’

1cCm) - f B (m) D (m) B (m) a~ /2 drds ,
-1<r ,s<+ 1

M (m) J 11(m) H (m) al/2drds .
-1<r ,s<+1

Using this method and the program SSPACE (subspace iteration

method) of Bathe and Wilson [15], the first eigenvalues and eigen—

func tions of the Laplace Beltrami opera tor 
~~ 

on the surface

of an elongated ellipsoid with the form of an egg can be obtained

(Bunow et .al .  [24] ) , (See Figures 4 .8 , 4 .9) .

(I)

tail —

Figure 4.8
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